Abstract. The behaviour of critical points of Gaussian scale-space images is mainly described by their creation and annihilation. In existing literature these events are determined in so-called canonical coordinates. A description in a userdefined Cartesian coordinate system is stated, as well as the results of a straightforward implementation. The location of a catastrophe can be predicted with subpixel accuracy. An example of an annihilation is given. Also an upper bound is derived for the area where critical points can be created. Experimental data of an MR, a CT, and an artificial noise image satisfy this result.
Theory
The behaviour of critical points as change of the (scale) parameter is described by catastrophe theory. As the parameter changes continuously, the critical points move along critical curves. If the determinant of the Hessian does not become zero, these critical points are called Morse critical points. In a typical image these points are extrema (minima and maxima) and saddles. The Morse lemma states that the neighbourhood of a Morse critical point can essentially be described by a second order Taylor expansion. At isolated points on a critical curve the determinant of the Hessian may become zero. These points are called non-Morse points. Neighbourhoods of such points need a third or higher order Taylor expansion, as described by Thom's theorem. If an image is slightly perturbed, the Morse critical points may undergo a small displacement, but nothing happens to them qualitatively. A non-Morse point however will change. In general it will split into a number of Morse critical points. This event is called morsification. Thom's theorem give a list of elementary catastrophes with canonical formulas for the catastrophe germs and the perturbations. The Thom splitting lemma states that there exist canonical coordinates in which these events can be described. These coordinates however do not coincide with the user-defined coordinates, but are used for notational convenience. In Gaussian scale space the only generic events are annihilations and creations of a pair of Morse points: an extremum and a saddle. All other events can be split into a combination of one of these events and one 'in which nothing happens'. See Damon [3] for a proof. Canonical descriptions of these events are given by the following formulae: In general the user-defined coordinates will not equal the canonical coordinates. Therefore in general one needs a so-called covariant formalism, in which results are stated in an arbitrary coordinate system. Then the first order approximation of a nonMorse point is given by the linear system À Û Þ T Ü Ø Ø À (4) in which the coefficients are determined by the first order derivatives of the image's gradient and Hessian determinant Ø À, evaluated at the point of expansion near the critical point of interest´Ü ¼ Ø ¼ µ, as follows: 
Instead of tracing the two branches of the critical curve it is parametrised by a continuous function that is non-degenerate at the catastrophe point. Note that the scale-space velocity has the direction of Û at extrema and is opposite at saddles. In general this inverse matrix exists even if the Hessian is singular. Florack and Kuijper [5] have proven that at annihilations Ø Å ¼ and at creations Ø Å ¼, where
At catastrophes Ø À ¼, so Eq. (15) reduces to
which is the innerproduct between the spatial derivative of Ø À, Eq. (5), and the scalespace velocity Û, Eq. (12) . In the next section we will apply these results on several images.
Experimental results
In our experiments we used a 64 x 64 subimage of a 256 x 256 MR scan ( 
Visualisation of Þ T and Û
At scale ¾ the critical points of the MR image (Fig. 1b) are shown in Fig. 2a . Extrema (saddle points) are visualised by the white (black) dots. At the upper middle part of this image a critical isophote generated by a saddle and enclosing two extrema is shown (see also Fig. 2b) . At a larger scale the saddle point will annihilate with the upper one of these extrema. We have calculated the direction and magnitude of the vectors Û (see Eq. (12) ) and Þ T (see Eq. (5)) and show them on the two critical points at two subsequent scales ¾ and ¾ ¿ in Fig. 2c and d, respectively. Indeed the velocity (given by Û) of the extremum (dark arrow at the white dot) is in the direction of the saddle, and thus in the direction of the point of annihilation. The velocity vector at the saddle has the same direction, as the result of the parametrisation by Eq. (12)) Furthermore since the point where the annihilation takes place (at Ø À ¼) is between the two critical points, the vector Þ T , which is the normalvector (recall Eq. (5)) to the zero-crossing of Ø À, directs from the saddle towards the extremum both at the saddle and the extremum.
Finally it can be seen that the vectors of Þ T and Û at the critical points have an angel of more than ¾ . Since Ø Å is the innerproduct of these vectors at a catastrophe (see Eq. (16)), this leads to a negative sign of Ø Å, i.e. the two critical points approach each other and disappear eventually.
Location of the catastrophe
The location of the catastrophe can be found by inverting the linear system, Eq. (4), yielding Eq. (14) . The result of 4 subsequent scales for the MR subimage (Fig. 2c) are shown in Fig. 3 . The approximate location of the catastrophe can be found with subvoxel precision by averaging the arrows as shown in Table 1 . The black dot in Fig.  3 is located at the estimated position of the catastrophe, the ellipse shows the standard deviation of the estimation. Below the catastrophe-scale the location is accurate whereas at a scale above it (at ¿ ¿¾, see Fig. 3d ) the estimate location turns out to be more uncertain. The estimation of the Ø-coordinate is positive below catastrophe-scale and negative above, as expected. The standard deviation is largely influenced by the cells that are distant from the critical curve, which also can be seen in Fig 3d. Since the relation between scale and coordinate Ø is given by Ø ½ ¾ ¾ , we can easily calculate the estimated scale ×Ø Ô ¾ · ¾Ø Ð with error AE ×Ø Ø ×Ø ¡ AEØ Ð AEØ Ð ×Ø .
By slightly increasing scales the catastrophe is found between the scales ¿ ¼ ¼ and ¿ ¼ ¿, which is covered by all estimated scales in Table 1 . Since the estimation is a linear approximation of the top of a curve a small overestimation (here: a tenth of a pixel) is expected and indeed found in this case. In summary the location of the catastrophe point can be pinched down by linear estimation with subpixel precision. arrows, the ellipse shows the standard deviation (see Table 1 
Fraction of the area where Ø Å ¼
In the following figures we show the percentage of the image where Ø Å is larger than zero, i.e. the relative area where creations can occur. For the MR image we see a relative area of maximal 0.12 (Fig. 4, top-left) . Furthermore the number of critical points decreases logarithmically with scale (Fig. 4, top-right) . The slope is ½ ¦ ¼½. An a priori estimation value is -2, see e.g. Florack's monograph [4] . In Fig. 5 the image of the sign of Ø Å of the MR-subimage (Fig. 1b) is shown at four subsequent scales. It appears that the locations of the image where Ø Å is positive are relatively small isolated areas. For the CT image we see more or less the same results (Fig. 4, second row) : the fraction where Ø Å is positive is a bit higher at small scales ( ¾ ¾¾, the value 40 at the horizontal axis) and a bit smaller at high scales. The slope of graph of the logarithm of the number of critical points at increasing scale is found to be ½ ¦¼ ¼¾.
At the noise image the relative area where Ø Å ¼ is smaller than at the MR and CT images. This might indicate that creations need a global structure (like a bridge), being absent in a noise image. The logarithm of the number of extrema has a slope of ½ ¦ ¼½ (Fig. 4 , bottom-right), which is closer to the expected value -2 than the slope at the MR and CT image. This also might be caused by the lack of structure in the noise image. (1) and (2). With Eqs. (7) (8) , (12) , (16) (17) the explicit form of Ø Å at a catastrophe in 2D reduces to (18) 
As easily can be seen this angle is invariant with respect to the transformations and ½ . Fig. 6a shows the cosine of the angle for different values of . At the usual generic events, e.g. discussed by Damon [3] and others [10] only the case ¼ is discussed. They restrict their selves to the canonical coordinates and find Eq. (1) 
Conclusion and Discussion
We have used an operational scheme to characterise critical points in scale-space. The characteristic local property of a critical point is determined by its Hessian signature (saddle or extremum). Pairs of critical points with opposite signature can be annihilated or created. Close to such catastrophes, empirically observed properties of the critical points are consistent with the presented theory. The location of catastrophes in scale space can be found with subpixel accuracy. The approximate location of an annihilation and the idea of scale space velocity have been visualised. In general, more annihilations than creations are observed, probably because creations need a special structure of the neighbourhood. This is also indicated by the results of the noise image. We have shown that the area where creations can occur is at most ½ . In our experiments this fraction is even smaller than viz. ½ . In future work we will investigate the correlation between the distributions of the various derivatives in the definition of Ø Å. Blom [2] has given a general framework, which might give a more precise explanation of the small number of creations.
